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Supersymmetric QCD and high energy cosmic rays: Fragmentation functions
of supersymmetric QCD
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The supersymmetric evolution of the fragmentation functions~or timelike evolution! within N51 QCD is
discussed and predictions for the fragmentation functions of the theory~into final protons! are given. We use
a backward running of the supersymmetric DGLAP equations, using a method developed in previous works.
We start from the usual QCD parametrizations at low energy and run the DGLAP back, up to an intermediate
scale—assumed to be supersymmetric—where we switch-on supersymmetry. From there on we assume the
applicability of anN51 supersymmetric evolution~ESAP!. We elaborate on the possible application of these
results to high energy cosmic rays near the GZK cutoff.
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I. INTRODUCTION

The standard model of elementary particle physics s
cessfully accounts for all the observed particle properties
remarkable success suggests the possibility that it corre
describes the particle properties up to energy scales w
far exceed the currently accessible energy scales. Indeed
possibility has been entertained in the explorations of gr
unified and superstring theories. Additionally, the spectac
confirmation of the standard model in high energy collide
as well as the proton longevity and suppression of le
handed neutrino masses, provide strong support for the g
desert scenario and unification. The question then is how
we going to find out whether this is indeed the path cho
by nature, as direct signatures at the CERN Large Had
Collider ~LHC! and Next Linear Collider~NLC! will be able
to probe the desert only up to a few TeV. Therefore we n
new tools to achieve this. An example of such a probe t
has been used with great success is that of the gauge
pling unification. The general methodology in this respec
to extract the gauge couplings from experiments that are
formed at the accessible energy scales. Based on con
assumptions in regard to the particle content in the desert
couplings are then extrapolated to the high energy scale
the unification hypothesis is tested. In this manner the c
sistency of the specific assumptions in regard to the par
content in the desert with the hypothesis of the gauge c
pling unification is subjected to an experimental test. T
well known spectacular success of this methodology is
differentiating between gauge coupling unification in sup
symmetric and non-supersymmetric grand unified theo
@1#. The unification hypothesis is found not to be consist
with the low energy data, unless the minimal particle cont
is supersymmetric, or is modified in some other way. O
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task then is to develop additional tools that can serve
similar useful probes of the desert.

A. Motivations for this work

In this paper we start applying this philosophy to anoth
physical setting.

A different experimental observation—which also poin
toward the validity of the big desert scenario—is the ex
tence of ultrahigh energy cosmic rays UHECR above
Greisen-Zatsepin-Kuzmin cutoff. A plausible explanation f
the observation of such cosmic rays is the existence of
permassive metastable states with mass of the order12

21013GeV, and a lifetime that exceeds 1010 yr. The possi-
bility that such states compose a substantial componen
the dark matter as well as that they may explain the ob
vation of UHECR has been discussed elsewhere. It has b
further shown that realistic string models often give rise
states with precisely such properties@2#.

The existence of such supermassive, slowly decay
states may therefore serve as a probe of the grand dese
plausible explanation of the observed showers in
UHECR is that the original supermassive decaying part
decays into strongly interacting particles which subseque
fragment into hadrons@3#. This hypothesis therefore need
the relevant fragmentation functions at the energy scale
the originally decaying particle. These functions, howev
similarly to the case of the gauge couplings considered
much of the literature on unification, are extracted from e
periments at the currently accessible~low! energy scales
which are much below that of the decaying particle. It
obvious that this points toward the use of the renormalizat
group ~RG! evolution. However, this evolution, as well a
the composition of the produced shower, depends on the
sumptions made in regard to the composition of the spect
in the desert. We conclude that similarly to the gauge c
pling unification methodology, the evolution of the fragme
tation functions by utilizing the renormalization group e
trapolation, and the subsequent implementation in
©2002 The American Physical Society01-1
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analysis of the UHECR hadronic showers, can serve as a
that differentiates between different assumptions on the v
high energy spectrum.

With these motivations in mind, here we develop the
struments to evolve the fragmentation functions in supers
metric QCD up to a high energy scale. In particular, in t
paper we present for the first time the structure of the su
symmetric DGLAP ~Exact Supersymmetric DGLAP o
ESAP! equations in the timelike region. We solve them n
merically for all flavors and introduce various combinatio
of non-singlet matrix equations to reach this result. We th
study the impact of the new evolution assuming a comm
scale for SUSY breaking and restoration, parameterized
the mass of the superpartners, here assumed to be mas
generate.

B. Step approximations

Given the long stretch it takes to proceed with the analy
of the SUSY evolution, a topic of numerical complexity in i
own, the applications to cosmic rays of our work will b
presented in a companion paper that will follow shortly. W
also have decided to address issues related to the fragm
tion region of N51 QCD starting from the ‘‘low energy’’
end, since nothing is known of these functions at any sc
The term ‘‘low energy’’~the results we discuss here are o
tained in the 1032108 GeV energy range!—from the point
of view of collider phenomenology—is a misnomer, but it
not in the context of high energy cosmic ray physics. Th
is also another more direct reason for limiting our analysis
this range. We have discovered some features of the
evolution which require a special care at such large energ
We find—in our numerical studies—the onset of an insta
ity in the evolution in the singlet sector of the fragmentati
which requires an independent investigation. It is not clea
us, at this point, whether this instability is an intrinsic lim
tation of the algorithm used in the numerical implementat
or if the perturbative expansion needs a resummation
such large scales this last option remains open. We sh
also mention that we work in ‘‘x’’ space, and this might be
limitation. We hope to return to this issue in the near futu

The analysis of fragmentation functions of SUSY QCD
a topic of remarkable phenomenological interest both
collider phenomenology and in the astroparticle conte
While, recently, a detailed analysis of the supersymme
evolution of the parton distributions of SUSY QCD has be
presented@4,5#, the study of the evolution of the supersym
metric fragmentation functions is still missing. Of particul
interest is the study of a combined QCD-SQCD evolut
with intermediate regions in the evolution characterized
partial supersymmetry~SAP! or exact supersymmetr
~ESAP! @5#. It is well known that a matching between the
regions is possible with specific boundary conditions. Th
boundary conditions should come from some deeper un
standing of the way in which supersymmetry is broken a
restored as we run into the different stages of the renorm
ization group evolution. In a first approximation, however
is possible to assume that the regular QCD distributions~or
fragmentation! functions are continuous at each intermedi
07500
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region, thereby neglecting threshold effects which canno
inferred from first principles. As we cross any supersymm
ric region, starting, for instance, from the end of the regu
QCD evolution, it is possible to assume that supersymme
distributions and fragmentation functions are generated
diatively. We recall that a similar modeling—which neglec
possible effects of higher twist at the thresholds—is w
spread in the case of ordinary QCD.

II. INITIAL OR FINAL STATE SCALING VIOLATIONS

A. The spacelike evolution

The first analysis of the spacelike evolution was carr
out in Ref. @6#, where simple models—obtained from th
analysis of the first 2 moments—of the supersymmetric p
ton distributions were also presented. A complete strateg
solve these equations and the strategy to generate super
metric scaling violations inN51 QCD was put forward in
Refs.@4,5#.

In N51 QCD gluons have partners called gluinos~here
denoted byl) and left- and right-handed quarks have co
plex scalar partners~squarks! which we denote asq̃L andq̃R

with q̃5q̃L1q̃R ~for left-handed and right-handed squar
respectively!.

The interaction between the elementary fields are
scribed by theSU(3) color gauge invariant and supersym
metric Lagrangian

L52
1

4
Gmn

a Ga
mn1

1

2
l̄a~ iD” !la1 i q̄ iD” qi1Dmq̃RDmq̃R

1Dmq̃LDmq̃L1 igA2~ l̄R
aq̃iL

† TaqLi1l̄L
aq̃iR

† TaqRi2H.c.!

2
1

2
g2~ q̃Li

† Taq̃Li2q̃Ri
† Taq̃Ri

† !21mass terms, ~1!

wherea runs over the adjoint of the color group andi de-
notes the flavors.

q̃iR are the supersymmetric partners of right-hand
quarksqiR and q̃iL are those of the left-handed quarksqiL .

We remind here that in actual phenomenological appli
tions, it is useful to extract the light-cone dynamics—or p
ton model picture—of supersymmetric collisions by invo
ing a factorization of the cross section into hard and s
contributions. Fragmentation functions appear in this c
text. An integral part of this analysis is the use of renorm
ization group equations, SUSY DGLAP, which resum t
logarithmic scaling violations and evolve distributions fun
tions and fragmentation functions to the appropriate fac
ization scale.

In our approachR-parity is conserved. However, we ne
glect contribution from fragmentation into stable supersy
metric states which are subleading relative to fragmenta
into strongly interacting states. Similarly, we do not consid
the possibility ofR-parity violating operators. Limits on suc
operators@7# would suggest that they cannot produce siza
effect on the fragmentation function. However, more detai
studies may be required to ascertain this general expecta
1-2
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These studies require the matrix of the anomalous dim
sions~for all the moments!, or of the corresponding Altarelli-
Parisi ~DGLAP! kernels. We recall that the leading ord
anomalous dimensions are known@8,6# both for a partial
SUSY evolution and for the exact one.

B. The timelike evolution

In this work we focus our attention on the evolution
fragmentation functions in the context of exact supersymm
try, with coupled gluons and squarks.

Figure 1 summarizes the basic strategy of our work. T
figure at the top depicts a regular evolution~a one-phase
evolution!, while the one at the bottom illustrates a mixe
QCD-SQCD evolution~a two-phase evolution!. The first
stage is supersymmetric, the second one is regular. In
first stage all the partons~SUSY and not SUSY! are mass-
less, in the second one only quark and gluons survive. At
end of the first stage the supersymmetric partners are ext
but their presence at the higher scales is saved in the bo
ary conditions for the quarks and gluons fragmentation fu
tions, when the second stage of the evolution starts.

Within the approximation implied by the use of a pu
SQCD evolution, no missingEt events are allowed along th
development of the supersymmetric cascade, since e
troweak and flavor mixing effects are not included. Th
inclusion is still an open chapter even in~QCD! Monte Carlo
event generators for the final state.

The ladder structure of the supersymmetric showers in
leading logarithmic approximation can be easily pictured
terms of symmetric doubling of lines of regular QCD ladde
in all the possible allowed cases. Showers can be equ
initiated by qq̄ pairs, gluon pairs, gluino pairs or squa
pairs. The supersymmetric transition~i.e., those involving
supersymmetric partners! stop@see Fig. 1~bottom!# once the
supersymmetry breaking scaleMl5Mq̃ is reached.

Similarly to the QCD case, in the case of exactN51
supersymmetry we define singlet and non-singlet fragme
tion functionsD f

h(x,Q2). They describe the amplitude for
parton of typef to fragment into a hadronh as a function of
the Bjorken variablex ~fractional energy of the fragment!
and initial energyQ. Their operatorial definition is similar to
that of ordinary parton distributions. The evolution equatio

FIG. 1. An illustration of the regular versus a mixed supersy
metric evolution.
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for these functions are similar to the standard DGLAP eq
tions, but with transposed kernel matrix (P→PT). In leading
order the analytic continuation~from the spacelike or DIS
evolution to the timelike evolution! is straightforward, while
some complications appear to next-to-leading order. T
involve a breaking of the Drell-Yan-Levy relation, which ap
pears to be violated at parton level@9,10#. Since our analysis
is in the leading logarithmic approximation, we will not con
sider these aspects in our work any further.

The equations for the timelike evolution are given by

d

d log~Q2!
Dg

h~x,Q2!5
as

2p S Pgg^ Dg
h1Plg^ Dl

h1Pqg

^ (
i

~Dqi

h 1Dq̄i

h
!1Pq̃g^ (

i 51

nf

~ q̃iL

1q̃iR1 q̄̃iL1 q̄̃iR!D ~2!

d

d log~Q2!
Dl

h~x,Q2!5
as

2p S Pgl ^ Dg
h1Pll ^ Dl

h1Pql

^ (
i

~Dqi

h 1Dq̄i

h
!1Pq̃l ^ (

i 51

nf

~ q̃iL

1q̃iR1 q̄̃iL1 q̄̃iR!D ~3!

d

d log~Q2!
Dqi

h ~x,Q2!5
as

2p S 1

2nf
Pgq^ Dg

h1
1

2nf
Plq^ Dl

h

1Pq̃q^ ~Dq̃iL

h
1Dq̃iR

h
!1Pqq^ Dqi

h D
~4!

d

d log~Q2!
Dq̃iL

h
~x,Q2!5

as

2p S 1

4nf
Pgq̃^ Dg

h1
1

4nf
Plq̃^ Dl

h

1
1

2
Pqq̃^ Dqi

h 1Pq̃q̃^ Dq̃iL

h D ~5!

d

d log~Q2!
Dq̃iR

h
~x,Q2!5

as

2p S 1

4nf
Pgq̃^ Dg

h1
1

4nf
Plq̃^ Dl

h

1
1

2
Pqq̃^ Dqi

h 1Pq̃q̃^ Dq̃iR

h D . ~6!

In the following we will use the short-hand notation

Dq̃i

h
~x,Q2![Dq̃iL

h
~x,Q2!1Dq̃iR

h
~x,Q2! ~7!

to denote the fragmentation functions of squarks of flavori at
a fractional energyx and momentumQ. It is also convenient

-

1-3
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to separate the equations, as usual, into singlet and
singlet sectors using the definitions

DqV

h ~x,Q2![(
i 51

nf

„Dqi

h ~x,Q2!2Dq̄i

h
~x,Q2!…,

[DqNS

h

Dq̃V

h
~x,Q2!5(

i 51

nf

„Dq̃i

h
~x,Q2!2D

q̃̄i

h
~x,Q2!…

[Dq̃NS

h
~x,Q2!

Dq1~x,Q2![(
i 51

nf

„Dqi

h ~x,Q2!1Dq̄i

h
~x,Q2!…

Dq̃1
h

~x,Q2![(
i 51

nf

„Dq̃i

h
~x,Q2!1D

q̃̄i

h
~x,Q2!…. ~8!

The nonsinglet equations are

Q2
d

dQ2 DqV~x,Q2!5
a~Q2!

2p
~Pqq^ DqV

h 1Pq̃q^ DqV
˜ !

Q2
d

dQ2 Dq̃V
~x,Q2!5

a~Q2!

2p
~Pqq̃^ DqV

h 1Pq̃q̃^ DqV
˜
h

!,

~9!

and the singlet matrix equations, which mixqV and q̃V with
the gluons and the gluinos

Q2
d

dQ2F Dg
h~x,Q2!

Dl
h~x,Q2!

Dq1
h

~x,Q2!

Dq̃1
h

~x,Q2!

G5F Pgg Pgl Pgq Pgq̃

Plg Pll Plq Plq̃

Pqg Pql Pqq Pqq̃

Pq̃g Pq̃l Pq̃q Pq̃q̃

G T

^F Dg
h~x,Q2!

Dl
h~x,Q2!

Dq(1)
h

~x,Q2!

Dq̃(1)
h

~x,Q2!

G . ~10!

where ‘‘T’’ indicates the matrix transposed. To solve for a
the flavors, it is convenient to introduce the linear combin
tions

x i~x,Q2!5Dq
i
(1)

h
2

1

nf
Dq(1)

h

x̃ i~x,Q2!5Dq̃
i
(1)

h
2

1

nf
Dq̃(1)

h
~11!

and the additional singlet equations
07500
n-

-

Q2
d

dQ2 Dq
i
(2)~x,Q2!5

a~Q2!

2p
~Pqq^ Dq

i
(2)

h
1Pq̃q^ Dqi

˜ (2)!

Q2
d

dQ2 Dq̃
i
(2)~x,Q2!5

a~Q2!

2p
~Pqq̃^ Dq

i
(2)

h
1Pq̃q̃^ Dq̃

i
(2)

h
!

~12!

and

Q2
d

dQ2 Dx i

h ~x,Q2!5
a~Q2!

2p
~Pqq^ Dx i

h 1Pq̃q^ Dx i
˜
h

!

Q2
d

dQ2 D x̃ i

h
~x,Q2!5

a~Q2!

2p
~Pqq̃^ Dx i

h 1Pq̃q̃^ Dx i
˜
h

!.

~13!

The general flavor decomposition is obtained by solving
singlet equations forDq(1)

h andDq̃(1)
h , then solving the non-

singlet equations forDq
i
(2)

h
andDq̃

i
(1)

h
and forDx i

h andD x̃ i

h .

The fragmentation functions of the various flavors are
tracted using the linear combinations

Dqi

h 5
1

2 S Dq
i
(2)

h
1Dx i

h 1
1

nf
Dq(1)

h D
Dq̄i

h
52

1

2 S Dq
i
(2)

h
2Dx i

h 2
1

nf
Dq(1)

h D ~14!

and

Dq̃i

h
5

1

2 S Dq̃
i
(2)

h
1D x̃ i

h
1

1

nf
Dq̃(1)

h D
D

q̄̃i

h
52

1

2 S Dq̃
i
(2)

h
2D x̃ i

h
2

1

nf
Dq̃(1)

h D ~15!

to identify the various flavor components.
There are simple ways to calculate the kernel of the SU

DGLAP evolution by a simple extension of the usual me
ods. The changes are primarily due to color factors. Th
are also some basic supersymmetric relations which hav
be satisfied@4#. They are generally broken in the case
decoupling. We recall that the supersymmetric version of
b function is given at two-loop level by

b0
S5

1

3
~11CA22 nf22 nl!

b1
S5

1

3
~34CA

2210CA nf210CA nl

26 CF nf26 Cl nl! ~16!

wherenf is the number of flavors and for Majorana gluino
nl5CA .

The ordinary running of the coupling is replaced by
supersymmetric running
1-4
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aS~Q0
2!

2p
5

2

b0
S

1

ln~Q2/L2!S 12
b1

S

b0
S

ln ln~Q2/L2!

ln~Q2/L2!

1OS 1

ln2~Q2/L2! D D . ~17!

The kernels are modified both in their coupling (a→aS) and
in their internal structure~Casimirs, color factors, etc.! when
moving from the QCD case to the SQCD case. In order
illustrate the approach that we are going to follow in o
analysis of the fragmentation functions within a mix
SQCD-QCD evolution, we recall the strategy employed
Refs.@4,5# to generate the ordinary supersymmetric distrib
tion functions.

In Ref. @5# for scaling violations affecting the initial stat
were introduced 3 regions:

~1! the QCD region, described by ordinary QCD~Altarelli
Parisi or AP!;

~2! an intermediate supersymmetric region with coup
gluinos and decoupled squarks~partially supersymmetric AP
or SAP!;

~3! theN51 region~exact supersymmetric AP or ESAP!.
th
e

es
gl
im

07500
o
r

-

d

The basic idea was to generate these distributionsradia-
tively as is usually done in QCD for the gluons, for instanc
using the fact that the matrix of the anomalous dimension
not-diagonal. The most general sequence of evolutions~de-
noted AP-SAP-ESAP in@5#! is described by the array
(Qi ,Qf)AP2(Qi ,Qf)SAP2(Qi ,Qf)ESAP, with Qf ,AP

5Qi ,SAP5m2l andQf ,SAP5Qi ,ESAP5mq̃ . In this work we
limit our analysis to a simpler AP-ESAP evolution and w
run the DGLAP equationsback starting from known QCD
fragmentation functions—for which various sets are ava
able in the literature@11#—up to an intermediate supersym
metric scale. From this point on~up in energy! we switch on
the ESAP evolution of fragmentation functions. As we r
the equations upward, supersymmetric fragmentation fu
tions are generated. The boundary values of the low ene
~QCD! functions at the supersymmetry scalem2l set the ini-
tial condition for the~backward! supersymmetric running up
to the final scale. In simple terms: we reach the mount
from the valley, and cross a fence along the way.

In general, if we split the intermediate SUSY scale into
sectorsml!mq̃ ~ESAP-SAP-AP evolution! in this ~general!
case the solution is built by sewing the three regions as
FDqV

h ~x,Q2!

Dq̃V

h
~x,Q2!G5FDqV

h ~x,Q0
2!

0
G1E

Q0
2

m2l
2

d logQ2 PAP
T,NS

„x,a~Q2!…^ FDqV

h ~x,Q2!

0
G1E

m2l
2

m
2q̃

2

d logQ2PSAP
T,NS

„x,aS~Q2!…

^ FDqV

h ~x,Q2!

0
G1E

m2l
2

Qf
2

d logQ2 PESAP
T,NS ~x,aES~Q2!! ^ F DqV

h ~x,Q2!

D2q̃V
h

~x,Q2!
G ~18!

in the nonsinglet and

F DG
h ~x,Qf

2!

Dl
h~x,Q2!

Dq1
h

~x,Q2!

Dq̃1
h

~x,Q2!

G5F DG
h ~x,Qf

2!

0

Dq1
h

~x,Qf
2!

0

G1E
Q0

2

m2l
2

d logQ2 PT,AP
NS

„x,a~Q2!…^F DG
h ~x,Qf

2!

0

Dq1
h

~x,Q2!

0

G1E
m2l

2

m
2q̃

2

d logQ2PT,SAP
NS

„x,aS~Q2!…

^F DG
h ~x,Qf

2!

Dl
h~x,Q2!

Dq1
h

~x,Q2!

0

G1E
m2l

2

Qf
2

d logQ2 PT,ESAP
NS

„x,aES~Q2!…^F DG
h ~x,Qf

2!

Dl
h~x,Q2!

Dq1
h

~x,Q2!

D2q̃1
h

~x,Q2!

G ~19!
ne
for the singlet solution, wherem2q̃52mq̃ . The zero entries
in the arrays for some of the distributions are due to
boundary conditions, since all the supersymmetric partn
are generated, in this model, by the evolution.

The general structure of the algorithms that solves th
equations is summarized below. We start from the nonsin
sector and then proceed to the singlet. From now on, to s
plify our notation, we will omit at times the index ‘‘h’’ from
e
rs

e
et
-

the fragmentation functions when obvious. We defi
DqNS(x,Q2)5(DqV

(x,Q2),Dq̃V
(x,Q2))T and DAn(x)

5(DAn
qV ,DAn

q̃V)T and introduce the ansatz

DqNS~x,Q2!5 (
n50

n0 An~x!

n!
lognS a~Q2!

a~Q0
2!
D , ~20!
1-5
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wheren0 is an integer at which we stop the iteration, whi
usually ranges up to 20. The first coefficient of the recurs
is determined by the initial condition

DA0~x!5U~x! ^ Dq
NS~x,Q0

2!, ~21!

where

U1~x![Fd~12x! 0

0 0G
U1 2~x![Fd~12x! 0

0 d~12x!
G . ~22!

The recursion relations are given by

DAn11~x!52
2

b0
PAP

T,NS
^ DAn~x!. ~23!

The solution in the first~DGLAP! region at the first match
ing scalem2l is given by

DqNS~x,m2l!5 (
n50

n0 DAn
AP~x!

n!
lognS a~m2l

2 !

a~Q0
2!

D ~24!

valid for ml,mq̃ . As we will discuss in the next section
these two scales will be taken to be degenerate and the
merical treatment simplifies considerably. We also ment
that we do not find any significant difference, from o
analysis, if this degeneracy between the gluino and squ
masses is lifted. However, just for illustrative purposes,
keep the two scales separated in the formal analysis
sented below in order to show how the matching is p
formed in a more general case. Mass differences withi
range of 100–200 GeV play a rather modest role in
analysis and are hardly distinguishable.

At the second stage the~partial! supersymmetric coeffi-
cients are given by~S is a short form ofSAP!

DA0
S,NS~x!5U~x! ^ Dq~x,m2l2!

DAn11
S,NS~x!52

2

b0
S

PS
T,NS~x! ^ DAn

S,NS~x!.

~25!

We construct the boundary condition for the next stage
the evolution using the intermediate solution

Dq~x,Q2!5 (
n50

n0 DAn
S~x!

n! S a~Q2!

a~m2l
2 !

D ~26!

evaluated at the next thresholdm2l .

Dq~x,Q2!5 (
n50

n0 DAn
S~x!

n!
logS a~Q2!

a~m2l
2 !

D . ~27!

The final solution is constructed using the recursion relati
07500
n

u-
n

rk
e
e-
r-
a
e

f

s

DA0
ES~x!5U~x! ^ q~x,mq̃!

DAn11
ES ~x!52

2

bES
PES

NS~x! ^ DAn
ES~x!.

~28!

The final solution is written as

DqNS~x,Q2!5DqNS~x,Q0
2!1 (

n51

n0 DAn~x!

n!
logS a~m2l

2 !

a~Q0
2!

D
1 (

n51

n0 DAn
S~x!

n!
logS aS~mq̃

2
!

aS~m2l
2 !

D
1 (

n51

n0 DAn
ES~x!

n!
logS aES~Qf

2!

aES~mq̃
2!
D . ~29!

As we have already mentioned above, in the analysis p
sented below the two SUSY scales will be collapsed into o
(m2l).

III. QCD EVOLUTION OF THE FRAGMENTATION
FUNCTIONS

As we have already mentioned, the timelike and t
spacelike evolution, in leading order, are essentially
same. The singlet kernels are just the transposed of the
nels describing the evolution of the parton distributions. T
ordinary QCD kernels, in leading order, are given by

Pqq,NS
(0) 5CFS 11x2

12x D
1

5CFS 2

~12x!1
212x

1
3

2
d~12x! D

Pqq
(0)~x!5Pqq,NS

(0)

Pqg
(0)~x!5nf„x

21~12x!2
…

Pgq
(0)~x!5CF

11~12x!2

x

Pgg
(0)~x!52NcS 1

~12x!1
1

1

x
221x~12x! D

1
bo

2
d~12x! ~30!

with b0511/3CA24/3TRnf being the first coefficient of the
QCD b-function andTR51/2. nf is the numbers of flavors
The equations for the fragmentation functions in QCD a
given by
1-6
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d

d log~Q2!
Dqi

h ~x,Q2!5
a~Q2!

2p S Pqq^ Dqi

h 1
1

2nf
Pgq^ Dg

hD
d

d log~Q2!
Dg

h~x,Q2!5
a~Q2!

2p S Pqg^ (
i

~Dqi

h 1Dq̄i

h
!1Pgg

^ Dg
hD ~31!

and, as usual, can be decomposed into a non-singlet a
singlet sector

Q2
d

dQ2 Dq
i
(2)

h
~x,Q2!5

a~Q2!

2p
Pqq,NS„x,a~Q2!…

^ Dq
i
(2)

h
~x,Q2! ~32!

for the non-singlet distributions and

d

d log~Q2! S Dq(1)
h

~x,Q2!

Dg
h~x,Q2!

D 5S Pqq Pgq

Pqg Pgg
D ^ S Dq(1)

h
~x,Q2!

Dg
h~x,Q2!

D
~33!

for the singlet sector, where

Dq
i
(2)

h
~x,Q2!5Dqi

h 2Dq̄i

h . ~34!

A fast strategy to solve these equations, as discussed in@4#,
where a complete leading order evolution has been im
mented, is to solve the recursion relations numerically. In
timelike case—that we are considering—these relations
obtained as linear combinations of the spacelike ones. We

DA
n11
qi

(2)

524
CF

b0
E

x

1dy

y

yDA
n

qi
(2)

~y!2xDA
n

qi
(2)

~x!

y2x

24
CF

b0
log~12x!DA

n

qi
(2)

~x!12
CF

b0
E

x

1dy

y

3~11z!DA
n

qi
(2)

~y!23
CF

b0
DA

n

qi
(2)

~x!

DAn11
q(2)

524
CF

b0
E

x

1dy

y

yDAn
q(2)

~y!2xDAn
q(2)

~x!

y2x

24
CF

b0
log~12x!DAn

q(2)
~x!12

CF

b0
E

x

1dy

y

3~11z!DAn
q(2)

~y!23
CF

b0
DAn

q(2)
~x!. ~35!

A similar expansion is set up for the non-singlet variablex i

5qi
(1)21/nfq

(1)
07500
a

e-
e
re
et

DAn11
x i 524

CF

b0
E

x

1dy

y

yDAn
x i~y!2xDAn

x i~x!

y2x
24

CF

b0

3 log~12x!DAn
x i~x!12

CF

b0
E

x

1dy

y
~11z!DAn

x i~y!

23
CF

b0
DAn

x i~x!. ~36!

Similarly, the singlet equations generate recursion relati
of the form

DAn11
q(1)

~x!524
CF

b0
E

x

1dy

y

yDAn
q(1)

~y!2xDAn
q(1)

~x!

y2x

24
CF

b0
log~12x!DAn

q(1)
~x!12

CF

b0
E

x

1dy

y

3~11z!DAn
q(1)

~y!23
CF

b0
DAn

q(1)
~x!

22
CF

b0
E

x

1dy

y

11~12z!2

z
DAn

g~y!

DAn11
g ~x!524

CA

b0
E

x

1dy

y

yDAn
g~y!2xDAn

g~x!

y2x

24
CA

b0
log~12x!DAn

g~x!22
nf

b0
E

x

1dy

y

3„z21~12z!2
…DAn

q(1)
~y!2DAn

g~x!

24
CA

b0
E

x

1dy

y

1

z
221z~12z!)DAn

g~y!.

~37!

The coefficients of the various flavors both forDqi

h andDq̄i

h

are then obtained from the relations

DAn
qi5

1

2 S DAn
x i1

1

nf
DA

n

qi
(2)D

DAn
q̄i5

1

2 S DAn
x i2

1

nf
DA

n

qi
(2)D . ~38!

IV. THE ESAP „NÄ1 QCD… FRAGMENTATION

Moving to N51 QCD, we introduce recursion relation
for appropriate linear combinations of non-singlet fragme
tation functions
1-7
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DAn11
x i 524

CF

b0
E

x

1dy

y

yDAn
x i~y!2xDAn

x i~x!

y2x

24
CF

b0
log~12x!DAn

x i~x!22
CF

b0
DAn

x i~x!

22
CF

b0
E

x

1dy

y
zDAn

x̃ i~y!12
CF

bo

3E
x

1dy

y
~11z!DAn

x i~y! ~39!

DAn11
x̃ i 524

CF

b0
E

x

1dy

y

yDAn
x̃ i~y!2xDAn

x̃ i~x!

y2x

24
CF

b0
log~12x!DAn

x̃ i~x!22
CF

b0
DAn

x̃ i~x!

22
CF

b0
E

x

1dy

y
zDAn

x i~y!12
CF

bo

3E
x

1dy

y
~11z!DAn

x i
˜

~y! ~40!

and two similar non-singlet equations forDq
i
(2)

h
andDq̃

i
(2)

h

DA
n11
qi

(2)

524
CF

b0
E

x

1dy

y

yDA
n

qi
(2)

~y!2xDA
n

qi
(2)

~x!

y2x

24
CF

b0
log~12x!DA

n

qi
(2)

~x!22
CF

b0
DA

n

qi
(2)

~x!

22
CF

b0
E

x

1dy

y
zDA

n

q̃i
(2)

~y!

12
CF

bo
E

x

1dy

y
~11z!DA

n

qi
(2)

~y! ~41!

DA
n11
q̃i

(2)

524
CF

b0
E

x

1dy

y

yDA
n

q̃i
(2)

~y!2xDA
n

q̃i
(2)

~x!

y2x

24
CF

b0
log~12x!DA

n

q̃i
(2)

~x!22
CF

b0
DA

n

q̃i
(2)

~x!

22
CF

b0
E

x

1dy

y
zDA

n

qi
(2)

~y!

12
CF

bo
E

x

1dy

y
~11z!DA

n

q̃i
(2)

~y!. ~42!

Analogous equations are satisfied by the combinationsDq(2)
h

and Dq̃(2)
h by replacing in Eqs.~41! and ~42! Dq

i
(2)

h →Dq(2)
h

andDq̃
i
(2)

h →Dq̃(2)
h .

Moving to the singlet sector we obtain
07500
DAn11
g ~x!524

CA

b0
E

x

1dy

y

yDAn
g~y!2xDAn

g~x!

y2x
24

CA

b0

3 log~12x!DAn
g~x!2DAn

g~x!12
CA

b0
E

x

1dy

y

3~11z!DAn
g~y!

22
CA

b0
E

x

1dy

y S 2

z
1z22DDAn

g~y!

12
CA

b0
E

x

1dy

y
„z21~12z!2

…DAn
g~y!

22
nf

b0
E

x

1dy

y
„z21~12z!2

…DAn
q~y!

22
CA

b0
E

x

1dy

y
„z21~12z!2

…DAn
l~y!

24
nf

b0
E

x

1dy

y
z~12z!DAn

q̃~y! ~43!

DAn
l~x!522

CA

b0
E

x

1dy

y S 2

z
1z22DDAn

g~y!

24
CA

b0
E

x

1dy

y

DAn
l~y!2xDAn

l~x!

y2x
24

CA

b0

3 log~12x!DAn
l~x!12

CA

b0
E

x

1dy

y
~1

1z!DAn
l~y!2DAn

l~x!22
nf

b0
E

x

1dy

y
~1

2z!DAn
q~y!22

nf

b0
E

x

1dy

y
zDAn

q̃~y! ~44!

DAn11
q(1)

~x!522
CF

b0
E

x

1dy

y S 2

z
1z22DDAn

g~y!

22
CF

b0
E

x

1dy

y
~12z!DAn

l~y!

24
CF

b0
E

x

1dy

y

yDAn
q(1)

~y!2xDAn
q(1)

~x!

y2x

24
CF

b0
log~12x!DAn

q(1)
~x!12

CF

b0
E

x

1dy

y

3~11z!DAn
q(1)

~y!22
CF

b0
DAn

q(1)
~x!

22
CF

b0
E

x

1dy

y
zDAn

q̃(1)
~y! ~45!
1-8
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DAn11
q̃(1)

~x!522
CF

b0
E

x

1dy

y S 2

z
22DDAn

g~y!

22
CF

b0
E

x

1dy

y
„DAn

l~x!2DAn
q̃(1)

~y!…

24
CF

b0
E

x

1dy

y

yDAn
q̃~y!2xDAn

q̃~x!

y2x

14
CF

b0
E

x

1dy

y
DAn

q̃~y!24
CF

b0
log~12x!

3DAn
q̃(1)

~y!22
CF

b0
DAn

q̃(1)
~x! ~46!

wherez[x/y.

V. NUMERICAL RESULTS

As an illustration of the procedure we adopt in our stu
ies, let us consider the decay of a hypothetical massive s
into supersymmetric partons. The decay can proceed, fo
stance, through a regularqq̄ channel and a shower is deve
oped starting from the quark pair. TheN51 DGLAP equa-
tion describes in the leading logarithmic approximation
evolution of the shower which accompanies the pair, and
are interested in studying the impact of the supersymm
breaking scale (ml) on the fragmentation. In our runs w
have chosen the initial set of Ref.@11#, with parametrizations
that can be found in the Appendix.

In our analysis we focus on the proton fragmentat
functions and, following Ref.@11#, we introduce the scaling
variable

s̄5 ln
ln~m2/LMS

(5)
!

ln~m0
2/LMS

(5)
!
. ~47!

In LO we haveLMS
(5)

588 MeV @11# and use three differen
values form0, namely@11#

m05H A2 GeV if a5u,d,s,g

m~hc!52.9788 GeV ifa5c,

m~Y!59.46037 GeV ifa5b.

~48!

This leads to three different definitions ofs̄. For definiteness
we use the symbols̄c for charm ands̄b for bottom along with
s̄ for the residual partons. We parametrize the f.f.’s as

D~x,m2!5Nxa~12x!bS 11
g

x D ~49!

and express the coefficientsN, a, b, andg as polynomials in
s̄, s̄c , ands̄b . For s̄5 s̄c5 s̄b50, the parametrizations agre
with Eq. ~2! of Ref. @11# in combination with the appropriat
07500
-
te

n-

e
e
ry

entries in Table 2 of that paper. The charm and bottom

rametrizations must be put to zero by hand fors̄c,0 and

s̄b,0, respectively.
Typical fragmentation functions in QCD involve fina

states withp, p̄, p6,p0 and kaonsk6 and we refer to the
original literature for a list of all the fragmentation sets. W
have chosen an initial evolution scale of 10 GeV and var
both the mass of the SUSY partners~we assume for simplic-
ity that these are all degenerate! and the final evolution scale
(Qf) in our backward evolution. At the end of the evolutio
once the supersymmetric fragmentation functions are b
we interpretQf to be the energy available for the decay
the massive state. We perform two types of investigatio
~1! we analyze the dependence of the evolution on the glu
massml , assumed to be degenerate with the quark mass~2!
we investigate the variation in size of the fragmentati
functions in terms of the scaleQf . SinceR-parity is con-
served, the fragmentation scale ism2l , two times the gluino
mass. Since our concern is in establishing the impact of
persymmetric evolution and compare it to standard Q
evolution across large evolution intervals, we plot the init
fragmentation functions, the regularly evolved QCD fun
tions and the SQCD-QCD evolved ones. The latter two
originated from the same low energy form of Ref.@11#.

It is possible to include in the evolution of the fragme
tation functions also different thresholds associated w
more complex spectra in which the SUSY partners are
degenerate. These effects are negligible. Also, threshold
hancements may require a more accurate treatment and
be discussed elsewhere. On general grounds, however, w
not expect them to play any important role, especially sin
we are interested in very extended renormalization gro
runnings.

Let us now come to a description of our results. Figure
shows the initial condition for the up quark fragmentati
function into protons, and we have chosen the initial evo
tion scale (Q0) to be 10 GeV, as it has been extrapolat
from collider data in Ref.@11#. The evolution of this function
follows QCD from this lowest scale up to a scale
200 GeV(m2l[Qi), above which we use the fullN51
evolution. In this figure we have chosen a lower initial fra
mentation scale (Qf) of 1 TeV. As one can observe from th
two plots for the up and down quarks, in general, the sma
~diffractive! region gets slightly enhanced when SUSY e
fects are taken into account, although the changes are q
small. The reason for this behavior is to be found in the f
that the highest scale is not large enough to allow a discri
nation of SUSY effects from the non supersymmetric on
since not enough room is available for the supersymme
evolution.

In Fig. 3 an analogous behavior is found for the fragme
tation functions of charm and strange quarks. Again, sma
enhancements are seen, but regular and SUSY evolution
hardly distinguishable. The situation appears to be quite
ferent for the gluon fragmentation functions~f.f’s! ~Fig. 4!.
The regular and the SQCD evolved f.f.’s differ noticeably
the diffractive region, with a gluon fragmenting much fast
when SUSY is in place, compared to the no
1-9
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supersymmetric case. This may be related to the wider ph
space available for gluons to decay in the presence of su
symmetric channels.Qf is not too large, in this case, an
equal to 1 TeV, which renders the plot particularly interest
from the experimental viewpoint.

However, it should be kept in mind that even if the ev
lution predicts a larger probability for the fragmentation o
given parton into a specific hadron, compared to QCD,
change does not automatically translates into a notice
effect on the final multiplicity of that hadron in the fina
state. In fact, as we are going to show in the next section
least in the case of the multiplicities, SUSY effects rem
small up to pretty large fragmentation scales.

As we raise the final evolution scale we start seeing so
interesting features of the supersymmetric distributions.
instance, this is illustrated in Fig. 5 where we show t
squark f.f.’s for all the flavors and the one of the gluino f
comparison at a nominal fragmenting initial scale of 1 Te

FIG. 2. Fragmentation function for the up~top graph! and down

quark ~bottom graph! xDu,d
p,p̄(x,Q2) at the lowest scale~input! Q0

510 GeV, and their QCD~or regular! and SQCD-QCD evolutions
with Qf5103 GeV. The SUSY fragmentation scale is chosen to
200 GeV.
07500
se
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The scalar charm distribution appear to grow slightly fas
than the remaining scalar ones, but the gluino f.f. is still t
fastest growing at small-x values, which indicates a lar
proability for gluino to fragment compared to scalar quar

Overall, these probabilities, even at small-x values,
main small by a factor of 100 compared to the ordinary QC
fragmentation functions. This is not a big surprise, given
low scale used in this specific example forQf .

In Figs. 6 and 7 we come to the second part of our ana
sis, and we start investigating the dependence of the f
mentation functions on a varying initial scaleQf . We have
selected the up quark and the gluon in these figures.
impact of a varying scale on these functions appear to
rather small in the quark case, while is more pronounced
the gluon case. Supersymmetry is broken and restored
these two examples, at a scale of 200 GeV.

An important point which deserves thorough attention
the study of the dependence of the fragmentation functi

e

FIG. 3. Fragmentation functions into protons of the charm a

strange quarksxDs,c
p,p̄(x,Q2) at the lowest scale~input! Q0

510 GeV, and its evolved QCD~regular! and SQCD-QCD evolu-
tions withQf5103 GeV. The SUSY fragmentation scale is chos
to be 200 GeV.
1-10
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on the SUSY scaleml , which is shown in Fig. 8. We have
varied this scale in a considerable range~from 200 GeV up
to 1 TeV! and kept the initial fragmentation scaleQf fixed at
100 TeV. The changes for the up quark fragmentation fu
tions are all within a 5% interval. A similar result is pre
sented in Fig. 9, where we illustrate in a same plot the
pendence on the SUSY scaleml of the fragmentation
functions of both the squark up and the up quark.

The shape of the gluino density as a function of the ini
fragmentation scale is shown in Fig. 10. The growth appe
to be rather pronounced at small-x. Increasing the fragm
ing scaleQf , fragmentation occurs at larger x-values.

Figure 11 illustrates the behavior of f.f’s of all types at
large initial fragmentation scale. In order to illustrate t

FIG. 4. The gluon fragmentation functionxDg
p,p̄(x,Q2) at the

lowest scale~input! Q0510 GeV, and its evolved QCD~regular!
and SQCD-QCD evolutions withQf5103 GeV. The SUSY frag-
mentation scale is chosen to be 200 GeV.

FIG. 5. The fragmentation functions of squarks and gluino at
lowest scale~input! Q0510 GeV, withQf5103 GeV, and SUSY
scale 200 GeV.
07500
-

-

l
rs
t-

different behaviors that the quark-squark sector has c
pared to the gluon-gluino sector, we have shown the f.f.’s
the b quark and theb̃ squark. Although all the functions ge
a small-x enhancement or are more supported in
x-region, the largest fragmentation appears to come from
gluon-gluino sector. The gluon fragmentation function is s
the largest and fastest growing at small-x, due to the sma
behavior of the gluon anomalous dimensions, while the fr
mentation functions for the bottom quark and for its sup
partner are rather small.

Finally Fig. 12 has been included in order to clarify som
issues concerning the possible impact of our results on
multiplicities of the final state hadrons due to the supersy
metric evolution. While a more detailed analysis of this a
of other similar issues will be presented elswewhere, here

e

FIG. 6. The up quark fragmentation functionxDu
p,p̄(x,Q2)

evolved with SQCD-QCD for varying final values ofQf . The
SUSY fragmentation scale is chosen to be 200 GeV.

FIG. 7. The gluon fragmentation functionxDg
p,p̄(x,Q2) evolved

regularly and according to SQCD-QCD for varying final values
Qf . The SUSY fragmentation scale is chosen to be 200 GeV.
1-11
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would like to make some comments in this directions.
For this purpose, consider the decay of the metasta

state intoqq̄ pairs~for QCD! and into aqq̄ or a q̃q̄̃ pairs~for
SQCD! mediated by a heavy photon (g* ). In one case we
follow a standard DGLAP evolution, in the second case
analize the probability for the supersymmetric partons to
up into protons using the SUSY evolution. In Fig. 12 w
focus on the following observables, characterizing the fi
state

RQCD
h ~Q2!5(

i 51

nf

ei
2E

zmin
h

1

d z„Dqi

h ~z,Q2!1Dq̄i

h
~z,Q2!…

~50!

and

FIG. 8. The up quark fragmentation functionxDu
p,p̄(x,Q2)

evolved regularly and according to SQCD-QCD for varying fin
values of the SUSY scalem2l , and Qf5105 GeV. The SUSY
fragmentation scale is chosen to be 200 GeV.

FIG. 9. The quark and squark~up! fragmentation functions for a
varying ml and a fixed large final scaleQf5105 GeV.
07500
le

e
d

l

RSQCD
h ~Q2!5(

i 51

nf

ei
2E

zmin
h

1

d z„Dqi

h ~z,Q2!1Dq̄i

h
~z,Q2!

1Dq̃i

h
~z,Q2!1D

q̄̃i

h
~z,Q2!… ~51!

with zmin
h 5mh /(Q/2) being the minimum fractional energ

required for the fragmentation to take place.ei are the
charges of thenf quark and squark flavors.

We recall that sinceDparton
h (x,Q2) is the probability for a

given parton to fragment into a final state hadronh at a given
fractional energyx, given an original fragmentation scaleQ,
the two observables above describe the total probability

l FIG. 10. The gluino fragmentation functionxDu
p,p̄(x,Q2)

evolved in the region 2002Qf GeV for different values ofQf The
SUSY fragmentation scale is chosen to be 200 GeV.

FIG. 11. The quark and squark~bottom! fragmentation functions
together with those of gluon and gluino forml5100 GeV and a
fixed large final scaleQf5105 GeV.
1-12
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producing a hadronh, through quark channels and their co
responding supersymmetric counterparts.

We study the numerical values ofRQCD(Q) and
RSQCD(Q) as a function ofQ ~in GeV!, the initial fragment-
ing scale of partons into protons. We show in Fig. 12
variation ofRQCD andRSQCD with the initial energy scaleQ
in a given interval~1 TeV– 4 TeV!. The fragmentation prob
abilities, in this specific case, differ by approximately 2%
The opening of supersymmetric channel, in our results, te
to slightly lower the probabilities for fragmentation, com
pared to standard QCD. Here we have chosen a nom
gluino mass of 100 GeV.

VI. CONCLUSIONS AND PERSPECTIVES

We have presented a first detailed study of the fragm
tation functions of SUSY QCD in the leading logarithm
approximation and presented, for the first time, results for
f.f.’s of all the partons into protons within a radiatively ge
erated model. Our analysis here has been quite conserv
and focused on an intermediate energy region where sm
effects, linked to resummation and Regge behavior, wh
might invalidate a simple leading logarithmic~in Q2) evolu-
tion, may still be under control. Within the obvious approx
mations involved in our study, we can still envision th
some of the features present in our results may become m
pronounced once we increase the original energy scal
which fragmentation occurs. However, some variants, co
pared to the ordinary QCD scenario, are noticed.

An obvious question is why should we consider inclusi
of supersymmetry in the fragmentation function in the fi
place. After all the fragmentation functions are measured
the GeV scale and current experiments requires their
trapolation to energy scales which are still below the SU
threshold. In this respect our analysis was motivated fr
the recent exciting results from ultra high energy cosmic r
observations, which may indicate the existence of a new h
ronic scale, of the order of 1011GeV, or so. If the UHECR

FIG. 12. RQCD andRSQCD for protons in the final state versusQ
~in GeV!.
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results are substantiated further in the forthcoming exp
ments, as we elaborated in the Introduction, it precisely
cessitates the type of analysis that we pursued in this pa
It opens up the need to extrapolate the QCD parameter
the new scale, and the inclusion of any new degree of fr
dom which is crossed in the extrapolation. As we discus
here this also opens up a plethora of new issues and c
lenges for the QCD extrapolation and analysis.

Although these variations are small at the energy pro
in our numerical analysis, other sources of enhancem
could set in at higher scales. First of all, at a higher fra
menting scale, we expect more remarked differences in
overall distributions of the total fragmenting multiplicitie
~above the 2% level observed in Fig. 12!, but we also expect
that various~and less inclusive! correlations~such as energy-
energy correlations and event shape variables! may affect
more substantially the structure of a supersymmetric fi
state with respect to standard QCD. As we approach
GZK cutoff, these features may become much more p
nounced, although the result has clearly to do with the d
tributions and coupling of the supersymmetric constituents
the metastable state that undergoes decay.

The natural question to ask is then: what are the distri
tions of supersymmetric partons in a decaying metasta
state of very large mass prior to fragmentation? At such la
scales, so far from the 1 TeV scale preferred by many s
dard supersymmetric models, the renormalization gro
strategy can be easily embraced to its fullest extent w
sizeable consequences on the low energy end. On this
other related issues we hope to return in more detail in
near future.
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APPENDIX A: INPUT FUNCTIONS

For convenience we have included below the list of f.f
taken from Ref.@11# that we have used.

Du
p/ p̄(x,m2)52Dd

p/ p̄(x,m2):

N50.4021120.21633s̄20.07045s̄210.07831s̄3

a520.8597310.13987s̄20.82412s̄210.43114s̄3

b52.8016010.78923s̄20.05344s̄210.01460s̄3

g50.05198s̄20.04623s̄2 ~A1!

Ds
p/ p̄(x,m2):

N54.0788522.97392s̄20.92973s̄211.23517s̄3

a520.0973510.25834s̄21.52246s̄210.77060s̄3
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b54.9919111.14379s̄20.85320s̄210.45607s̄3

g50.07174s̄20.08321s̄2 ~A2!

Dc
p/ p̄(x,m2):

N50.1106120.07726s̄c10.05422s̄c
220.03364s̄c

3

a521.5434020.20804s̄c10.29038s̄c
220.23662s̄c

3

b52.2068110.62274s̄c10.29713s̄c
220.21861s̄c

3

g50.00831s̄c10.00065s̄c
2 ~A3!

Db
p/ p̄(x,m2):

N540.09712123.531s̄b1128.666s̄b
2229.1808s̄b

3

a50.7424921.29639s̄b23.65003s̄b
213.05340s̄b

3

b512.372921.04932s̄b10.34662s̄b
221.34412s̄b

3

g520.04290s̄b20.30359s̄b
2 ~A4!

Dg
p/ p̄(x,m2):

N50.7395321.64519s̄11.01189s̄220.10175s̄3

a520.7698623.58787s̄113.8025s̄2213.8902s̄3

b57.6907922.84470s̄20.36719s̄222.21825s̄3

g51.26515s̄21.96117s̄2. ~A5!

APPENDIX B: THE WEIGHTS OF THE NÄ1 KERNELS

We briefly recall the numerical strategy employed in th
analysis. A more detailed description will be given els
where. We just mention that the radiative generation of
persymmetric distributions requires special accuracy si
these scaling violations grow up very slowly. We defi
P̄(x)[xP(x) and Ā(x)[xA(x). We also define the convo
lution product

J~x![E
x

1dy

y S x

yD PS x

yD Ā~y!. ~B1!

The integration interval iny at any fixed x-value is parti-
tioned in an array of increasing points ordered from left
right (x0 ,x1 ,x2 , . . . ,xn ,xn11) with x0[x andxn11[1 be-
ing the upper edge of the integration region. One construc
rescaled array (x,x/xn , . . . ,x/x2 ,x/x1 ,1). We define si
[x/xi , andsn115x,sn,sn21, . . . s1,s051. We get
07500
-
-
e

a

J~x!5(
i 50

N E
xi

xi 11dy

y S x

yD PS x

yD Ā~y!. ~B2!

At this point we introduce the linear interpolation

Ā~y!5S 12
y2xi

xi 112xi
D Ā~xi !1

y2xi

xi 112xi
Ā~xi 11! ~B3!

and perform the integration on each subinterval with
change of variabley2.x/y and replace the integralJ(x)
with its discrete approximationJN(x) to get

JN~x!5Ā~x0!
1

12s1
E

s1

1dy

y
P~y!~y2s1!

1(
i 51

N

Ā~xi !
si

si2si 11
E

si 11

si dy

y
P~y!~y2si 11!

2(
i 51

N

Ā~xi !
si

si 212si
E

si

si 21dy

y
P~y!~y2si 21!

~B4!

with the conditionĀ(xN11)50. Introducing the coefficients
W(x,x) andW(xi ,x), the integral is cast in the form

JN~x!5W~x,x!Ā~x!1(
i 51

n

W~xi ,x!Ā~xi ! ~B5!

where

W~x,x!5
1

12s1
E

s1

1dy

y
~y2s1!P~y!,

W~xi ,x!5
si

si2si 11
E

si 11

si dy

y
~y2si 11!P~y!

2
si

si 212si
E

si

si 21dy

y
~y2si 21!P~y!. ~B6!

We recall that

E
0

1

dx
f ~x!

~12x!1
5E

0

1

dy
f ~y!2 f ~1!

12y
~B7!

and that

1

~12x!1
^ f ~x![E

x

1dy

y

y f~y!2x f~x!

y2x
1 f ~x!log~12x!

~B8!

as can be shown quite straightforwardly.
We also introduce the expressions

In0~x!5
1

12s1
log~s1!1 log~12s1!
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Jni~x!5
1

si2si 11
F logS 12si 11

12si
D

1si 11logS 12si

12si 11

si 11

si
D G

Jnti~x!5
1

si 212si
F logS 12si

12si 21
D

1si 21logS si

si 21
D

1si 21S 12si 21

12si
D G , i 52,3, . . . ,N
lk

-
,’’

07500
Jnt1~x!5
1

12s1
logs1 . ~B9!

Using the linear interpolation formula~B3! we get the rela-
tion

E
x

1dy

y

yAn~y!2xAn~x!

y2x
52 log~12x!An~x!1An~x!In0~x!

1(
i 51

N

An~xi !„Jni~x!2Jnti~x!…

~B10!

which has been used for a fast and accurate numerical im
mentation of the recursion relations.
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